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The 4-qubit unextendible product basis (UPB) has been recently studied by [Johnston, J. Phys.
A: Math. Theor. 47 (2014) 424034]. From this result we show that there is only one UPB of size 6
and six UPBs of size 9 in H = C2 ⊗ C2 ⊗ C4, three UPBs of size 9 in K = C4 ⊗ C4, and no UPB of
size 7 in H and K. Furthermore we construct a 4-qubit positive-partial-transpose (PPT) entangled
state ρ of rank seven, and show that it is also a PPT entangled state in H and K, respectively. We
analytically derive the geometric measure of entanglement of a special ρ.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
In quantum information, the unextendible product bases (UPBs) have been found useful in various applications,
such as the nonlocality without entanglement, the construction of positive-partial-transpose (PPT) entangled states
and Bell inequalities without quantum violation [1–13]. In particular, the multiqubit UPB have received much
attentions [14–18], since the multiqubit system is the mostly realizable system in experiments. First, 3-qubit UPBs
have been constructed by [14]. Second the 4-qubit UPBs have been fully classified assisted by programs [17], and
recently the 4-qubit orthogonal basis has also been classified using a combinatorial idea [19]. Third, the n-qubit UPBs
of cardinality 2n − 5 has been proven non-existing [18], and it has solved an open problem in [17]. The multiqubit
UPBs have also been studied in terms of the formally orthogonal matrices and Hasse diagrams [20, 21]. Nevertheless,
so far the connection between multiqubit UPBs and multipartite UPBs in higher dimensions has been little studied.
Understanding the connection helps construct more UPBs systematically using the known UPBs. This is the main
motivation of this paper.
In this paper we apply the result of 4-qubit UPBs [17] to construct UPBs in C2 ⊗C2 ⊗C4 and C4 ⊗C4. From this
result we construct the UPBs in H = C4 ⊗ C2 ⊗ C2 and K = C4 ⊗ C4 of size 6, 7, 8 and 9. We show that there is
only one UPB of size 6 in H, six UPBs of size 9 in H and three UPBs of size 9 in K. To obtain our results on UPBs
of size 9, we shall review the so-called unextendible orthogonal matrices (UOM) that was firstly used for multiqubit
UPBs in [20]. We shall further construct the 4-qubit PPT entangled state ρ of rank seven in (26). This is realized
by The state constructed from the UPBs in (13). Then we investigate the geometric measure of entanglement of a
special ρ in Theorem 9. As far as we know, such a state have been little studied due to the mathematical difficulty.
Using (26), we shall show that the state ρ is also a PPT entangled state of rank seven in H and K. Theorem 9 also
gives an upper bound of the geometric measure of entanglement of both the states in H and K.
The rest of this paper is structured in the following way. In Sec. II we introduce the notions and facts on the
UPBs and the coarse graining. We investigate the coarse graining of 4-qubit UPBs of size 6, 7 in Sec. III, and that
of 9 in Sec. IV, respectively. We present the application of our result in Sec. V. We construct the 4-qubit PPT
entangled state ρ of rank seven, and analytically derive the geometric measure of entanglement of a special ρ. Finally
we conclude in Sec. VI.
II. PRELIMINARIES
In this section we introduce the notions and facts used in this paper. First we review the notion of UPBs, introduce
the two properties and equivalence of UPBs in Sec. II A. Second we introduce the coarse graining in Sec. II B.
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2A. unextendible product basis
In quantum mechanics, an n-partite quantum system of A1, A2, ..., An is characterized by an n-partite Hilbert space
H = H1 ⊗ · · · ⊗ Hn. We refer to the quantum state |ψi〉 ∈ Hi as a DimHi-dimensional vector. The product vector
in H is an n-partite nonzero vector of the form |ψ1〉 ⊗ · · · ⊗ |ψn〉. For simplicity it is written as |ψ1, . . . , ψn〉. For
the convenience in mathematical arguments, We do not distinguish product vectors that are scalar multiples of each
other. We say that a set of n-partite orthonormal product vectors {|ai,1〉, ..., |ai,n〉} is an unextendible product basis
(UPB) in H if there is no n-partite product vector orthogonal to all vectors in the set. For example any orthonormal
basis in H is a UPB. It is trivial because its size n = DimH. So we only consider UPBs with size smaller than
DimH. We shall refer to H as an n-qubit space when DimHi = 2 for all j. We will study 4-qubit space, and we
refer to A1, A2, A3, A4 as A,B,C,D. Hence C
2 ⊗ C2 ⊗ C2 ⊗ C2 := HA ⊗ HB ⊗ HC ⊗ HD, and HAB := HA ⊗ HB,
etc. We refer to the vectors |0〉 :=
[
1
0
]
, |1〉 =
[
0
1
]
as an orthonormal basis in C2. More generally we denote |x〉, |x′〉
as another orthonormal basis in C2, where we may choose x = a, b, c, etc. The following two properties are clear from
the definition of UPB.
• If {|ai,1, ..., ai,n〉}i=1,...,s is a UPB of size s then so is {|ai,σ(1), ..., ai,σ(n)〉}i=1,...,s, where σ is a permutation of
the integers 1, 2, ..., n. That is, if we switch arbitrarily the systems of a UPB then we obtain another UPB.
• If {|ai,1, ..., ai,n〉}i=1,...,s is a UPB of size s then so is {U1|ai,1〉 ⊗ ... ⊗ Un|ai,n〉}i=1,...,s, where U1, ..., Un are
arbitrary unitary matrices. That is, performing any product unitary transformation U1⊗ ...⊗Un on a UPB still
produces a UPB.
We shall use the above two properties throughout the paper. If we obtain a UPB from another by using the above
two properties, then we say that the two UPBs are equivalent.
B. coarse graining
We say that the m-partite Hilbert space H′ is an m-partite coarse graining of H if H′ = H′1 ⊗ ... ⊗ H
′
m, m ≥ 2
and H′j = ⊗k∈SjHk where ∪
m
j=1Sj = {1, ..., n} and Sj ∩ Sk = ∅, ∀j, k. So m ≤ n, and the n-partite H
′ is exactly H.
One can similarly define the coarse graining of a set of product vectors in H. That is, suppose the set of product
vectors {|ai,1, ..., ai,n〉} ∈ H, |ai,1, ..., ai,n〉 = |bi,1, ..., bi,m〉 and |bi,j〉 ∈ H′j for j = 1, ..,m. Then the set {|bi,1, ..., bi,m〉}
consists of product vectors |bi,1, ..., bi,m〉 ∈ H′. The set is defined as a coarse graining of the set {|ai,1, ..., ai,n〉}. We
present the following claim.
Lemma 1 If a set of n-partite product vectors is a UPB in some coarse graining of the space H, then the set is a
UPB in H.
Proof. If the set of orthogonal product vectors S = {|vj〉} is not a UPB in H, then there exists a nonzero product
vector |w〉 ∈ H such that 〈vj |w〉 = 0 for all |vj〉 ∈ S. By definition, the coarse graining of S is still not a UPB. The
converse is wrong, and we will see that some four-qubit UPB is no longer a UPB, and some others remain a UPB in
the coarse graining C4 ⊗ C2 ⊗ C2. ⊓⊔
Let U2,2,2,2 be the set of 4-qubit UPBs. They have been fully characterized in [17]. In this paper we investigate
the UPBs in the coarse graining of 4-qubit UPBs. First we define the subset U2,2,4 ⊆ U2,2,2,2, where any element of
U2,2,4 is a UPB in one of the six spaces HA ⊗HB ⊗ HCD, HA ⊗ HC ⊗ HBD, HA ⊗HD ⊗ HBC , HB ⊗ HC ⊗ HAD,
HB⊗HD⊗HAC , and HC ⊗HD⊗HAB. Second one can similarly define the subset U4,4 ⊆ U2,2,2,2, where any element
of U4,4 is a UPB in one of the three spaces HAB⊗HCD, HAC⊗HBD, and HAD⊗HBC . These definitions and Lemma
1 imply the relation
U2,2,2,2 ⊇ U2,2,4 ⊇ U4,4. (1)
It is known that any 4-qubit UPB has size s = 6, 7, 8, 9, 10 or 12 [17]. We can split the sets U2,2,2,2, U2,2,4 and U4,4
into disjoint subsets Us2,2,2,2, U
s
2,2,4 and U
s
4,4 consisting of UPBs of size s, respectively. So we have
U2,2,2,2 = ∪s=6,7,8,9,10,12 U
s
2,2,2,2, (2)
U2,2,4 = ∪s=6,7,8,9,10,12 U
s
2,2,4, (3)
U4,4 = ∪s=6,7,8,9,10,12 U
s
4,4, (4)
Us2,2,2,2 ⊇ U
s
2,2,4 ⊇ U
s
4,4, s = 6, 7, 8, 9, 10, 12. (5)
3For example, we shall show in Proposition 4 that for 4-qubit UPBs of size 6 the first inclusion in (5) is strict, and
there is no UPB in the coarse graining HAB ⊗ HCD, HAC ⊗ HBD, and HAD ⊗ HBC . That is Us2,2,2,2 ⊃ U
s
2,2,4 and
Us4,4 = ∅. In this paper we shall characterize the sets U2,2,4, U4,4, U
s
2,2,4, and U
s
4,4.
If we denote SA:B:C:D ∈ Us2,2,2,2 as a 4-qubit UPB of size s, then we denote SA:B:CD, SA:C:BD, SA:D:BC , SB:C:AD,
SB:D:AC and SC:D:AB as the corresponding sets of product vectors in the above-mentioned six spacesHA⊗HB⊗HCD,
HA⊗HC ⊗HBD, HA⊗HD ⊗HBC , HB ⊗HC ⊗HAD, HB ⊗HD⊗HAC , and HC ⊗HD⊗HAB, respectively. We call
them the coarse graining of SA:B:C:D. One can similarly define the coarse graining SAB:CD, SAC:BD, and SAD:BC . If
SA:B:CD, ...,SAD:BC are indeed UPBs of size s, then they are the elements in Us2,2,4 and U
s
4,4, respectively. It follows
from Lemma 1 that if SAB:CD is a UPB then so are SA:B:CD and SC:D:AB, though the converse may fail. That is
∀SA:B:C:D ∈ U
s
2,2,2,2, (6)
SAB:CD ∈ U
s
4,4 ⇒ SA:B:CD,SC:D:AB ∈ U
s
2,2,4,
SA:B:CD,SC:D:AB ∈ U
s
2,2,4 6⇒ SAB:CD ∈ U
s
4,4.
On the other hand, it is known that any set of orthogonal product vectors of size smaller than 2d in Cd⊗C2 is not
a UPB [22]. So
Lemma 2 Any 4-qubit UPB is no longer a UPB in the coarse graining C8 ⊗ C2.
So it suffices to consider only the coarse graining C2⊗C2⊗C4 and C4⊗C4, as we shall do from the next section. As
the final remark of this section, the following observation will be used in the proof of Lemma 6.
Lemma 3 Suppose that SA:B:C:D={|f1, g1, h1, i1〉, |f2, g2, h2, i2〉,...,|fn, gn, hn, in〉} is a 4-qubit UPB of size n. Sup-
pose m is an integer satisfying 0 ≤ m ≤ n− 4. In the coarse graining C2 ⊗ C2 ⊗ C4, the set SA:B:CD is no longer a
UPB if it satisfies the following two conditions.
(i) There exists an integer k ≤ n− 3−m, such that |f1〉 = |f2〉 = ... = |fk〉 and |gk+1〉 = ... = |gn−3−m〉.
(ii) There are m+ 1 pairwise linearly dependent product vectors in the set {|hn−2−m, in−2−m〉, ..., |hn, in〉}.
Proof. The space spanned by |hn−2−m, in−2−m〉, |hn−1−m, in−1−m〉,...,|hn, in〉 has dimension at most three. That is,
there exists a product vector |ϕ〉 ∈ C4 orthogonal to |hn−2−m, in−2−m〉, |hn−1−m, in−1−m〉,...,|hn, in〉. Consequently,
the product vector |f ′1, g
′
k+1, ϕ〉 is orthogonal to SA:B:CD. ⊓⊔
III. THE COARSE GRAINING OF 4-QUBIT UPBS OF SIZE 6 AND 7
It is known that 4-qubit UPBs have size at least 6. We begin with the simplest case, namely 4-qubit UPBs of size
6. The following set SA:B:C:D is the only 4-qubit UPB of size 6 in HA ⊗HB ⊗HC ⊗HD [17, Table 1].
|0, 0, 0, 0〉, |0, a, a, 1〉, |1, 0, b, a〉, |1, a, b′, b〉, |a, 1, a′, b′〉, |a′, a′, 1, a′〉. (7)
Let SA:B:CD be a coarse graining of SA:B:C:D, in the sense that SA:B:CD consists of product vectors inHA⊗HB⊗HCD,
where HCD = C4. Although they are still orthogonal to each other, one can show that SA:B:CD is not a UPB as
follows. Let |ψ〉 ∈ HCD be a nonzero vector such that |ψ〉 is orthogonal to |b
′, b〉, |a′, b′〉, and |1, a′〉. Then one can
verify that |1, 1, ψ〉 is orthogonal to SA:B:CD.
Using the similar argument, one can show that none of the coarse graining SA:BC:D, SA:BD:C , SAC:B:D, and SAD:B:C
is a UPB. For ψ1 ∈ HBC orthhogonal to |a, b′〉, |1, a′〉, and |a′, 1〉, we have |1, ψ1, a′〉 is orthogonal to SA:BC:D. For
ψ2 ∈ HBD orthhogonal to |a, b〉, |1, b
′〉, and |a′, a′〉, we have |1, ψ2, b′〉 is orthogonal to SA:BD:C . For ψ3 ∈ HAC
orthhogonal to |1, b′〉, |a, a′〉, and |a′, 1〉, we have |ψ3, 1, 0〉 is orthogonal to SAC:B:D. For ψ4 ∈ HAD orthhogonal to
|1, b〉, |a, b′〉, and |a′, a′〉, |ψ4, 1, a′〉 is orthogonal to SAD:B:C . We present more facts as follows.
Proposition 4 If SA:B:C:D is the 4-qubit UPB of size 6, then
(i) SAB:C:D is a UPB.
(ii) SA:B:C:D and SAB:C:D are the only two UPBs in all coarse graining of H. That is,
U62,2,4 = {SAB:C:D}, U
6
4,4 = ∅. (8)
Proof. (i) Evidently, every |v〉 ∈ SAB:C:D is a product vector and 〈v|w〉 = 0 for all |v〉 6= |w〉 ∈ SAB:C:D.
Suppose there exists a nonzero product vector |ψ, c, d〉AB:C:D orthogonal to SAB:C:D. We note that any two of
|0〉, |1〉, |a〉, |a′〉, |b〉, |b′〉 are linearly independent. So |c, d〉CD is orthogonal to at most two vectors in SAB:C:D. It
4implies that |ψ〉AB is orthogonal to at least four vectors in SAB:C:D. It is a contradiction with the observation that
any four of |0, 0〉, |0, a〉, |1, 0〉, |1, a〉, |a, 1〉, |a′, a′〉 are linearly independent.
(ii) It follows from (i) and the discussion below (7) that SAB:C:D is the only UPB in all 3-partite coarse grainings of
H. Next we consider S in bipartite coarse grainings H′ of H. The latter is C4⊗C4 or C8⊗C2. If H′ = C4⊗C4 then S
becomes SAB:CD, SAC:BD or SAD:BC . If H′ = C2 ⊗C8 then S becomes SABC:D, SABD:C , SACD:B or SBCD:A. None
of them is a UPB in terms of Lemma 1, and the fact that SAB:C:D is the only UPB in all 3-partite coarse grainings
of H. ⊓⊔
Using arguments similar to those for UPBs of size 6, we investigate the UPBs of size 7.
Proposition 5 The 4-qubit UPBs of size 7 are the only UPBs in all coarse graining of H. That is,
U72,2,4 = U
7
4,4 = ∅. (9)
Proof. We shall prove U72,2,4 = ∅. Then (5) implies the claim.
Take the set {|0, 0, 0, 0〉, |0, a, a, 1〉, |0, a′, 1, a〉, |1, 0, 0, b〉, |1, a′, a, b′〉, |a, a, 1, 0〉, |a′, 1, a′, a′〉}[17, Table 1] as
SA:B:C:D. We found that the vector |0〉 in the first qubit has multipicity three. Moreover, the space spanned by
|a, b′〉, |1, 0〉 and |a′, a′〉 has diemnsion at most three. That is, there is |p〉 ∈ C4 orthogonal to |a, b′〉, |1, 0〉 and |a′, a′〉.
So |1, 1, p〉 is orthogonal to SA:B:CD. Similarly, the set SA:C:BD and SA:D:BC are no longer UPBs. For SAB:C:D, there
are |a〉 of multiplicity two in the third qubit and |0〉 of multiplicity two in the fourth qubit. Moreover, the two |a〉
and two |0〉 are in four distinct product vectors. So there exists |q〉 ∈ C4 orthogonal to the last two qubits of the rest
product vectors of SA:B:C:D. So |q, a′, 1〉 is orthogonal to SAB:C:D. Similarly, SAC:B:D and SAD:B:C are also no longer
UPBs. ⊓⊔
IV. THE COARSE GRAINING OF 4-QUBIT UPBS OF SIZE 9
In this section we investigate the coarse graining of 4-qubit UPBs of size 9. We show in Proposition 8 that there are
six UPBs of size 9 in C2⊗C2⊗C4, and three UPBs of size 9 in C4⊗C4. For this purpose we introduce the unextendible
orthogonal matrices (UOM) [20, p1]. We take product vectors of an n-partite UPB of size m as row vectors of an
m×n matrix, so that the matrix is known as the UOM. For example, the three-qubit UPB |0, 0, 0〉, |1,+,−〉, |−, 1,+〉
and |+,−, 1〉 can be expressed as the UOM


0 0 0
1 + −
− 1 +
+ − 1

 . (10)
Using the orthogonality of product vectors in the UPB, we shall simply say that the rows of UOM are orthogonal.
For orthogonal states |a〉 and |a′〉 we shall refer to them as a and a′ in UOMs, and vice versa.
We start by presenting two preliminary lemmas.
Lemma 6 For the first ten UPBs of size 9 in [17, Table 1], neither of them is a UPB in the coarse graining C2⊗C2⊗C4
or C4 ⊗ C4.
Proof. Suppose SA:B:C:D={|f1, g1, h1, i1〉, |f2, g2, h2, i2〉,...,|f9, g9, h9, i9〉} is a 4-qubit UPB of size 9. We write
the UOMs of the first ten UPBs of size 9 as the matrices U1, U2, ..., U10. By observation, one can find that all these
matrices can be classified into three categories. In the first one, there are the two columns, one of which has four
identical vectors and another has two identical vectors in remaining rows. In the second one, there are the two
columns, one of which has three identical vectors and another has three identical vectors in remaining rows. In the
last one, there are the two columns, one of which has three identical vectors and another has two identical vectors in
remaining rows. Besides, there are two linearly dependent vectors in other rows of the remaining two columns.
Up to equivalence of UPBs, the three categories matrices respectively has the same structure as the following three
matrices in (11).
5

0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗
∗ 0 ∗ ∗
∗ 0 ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗


,


0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗
∗ 0 ∗ ∗
∗ 0 ∗ ∗
∗ 0 ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗


,


0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗
∗ 0 ∗ ∗
∗ 0 ∗ ∗
∗ ∗ 0 d
∗ ∗ 0 d
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗


(11)
Considering U1, we have |f1〉 = |f5〉 = |f6〉 = |f8〉 = |0〉 and |g3〉 = |g7〉 = |a′〉 and m=0 in lemma 3. So SA:B:CD is
no longer a UPB from lemma 3. Using arguments similar to U1, one can find that neither of these UPBs is a UPB in
the coarse graining C2 ⊗C2 ⊗C4. Certainly, neither of them is a UPB in the coarse graining C4 ⊗C4 from lemma 1.
⊓⊔
Lemma 7 (i) Suppose SA:B:C:D is the 11’th UPB of size 9 in [17, Table 1]. Then SAB:CD, SAC:BD and SAD:BC are
simultaneously UPBs or not.
(ii) SAB:CD and SCD:BA are the same up to row permutation and product unitary transformation.
Proof. (i) It suffices to show that SAB:CD, SAC:BD and SAD:BC are equivalent.
We write the UOM of 11’th UPB U of size 9 in [17, Table 1] as the first matrix U1 in (12). The remaining matrices in
(12) are respectively denoted as U2, U3 and U4. We convert U1 into U2 by switching 0 and 1 in the third column of U1,
and (0, 1)↔ (a, a′) in the fourth column of U1. They can be realized by performing product unitary transformation
on the third and fourth qubit of the UPB U . Next, we convert U2 into U3 by switching column 2, 3, 4 of U2 into its
column 4, 2, 3. Finally, we obtain U4 by permuting row 1, 2, 3 of U3, and permuting row 4, 5, 6 of U3, respectively.
So U2 and U4 are the same. The switching in the last paragraph shows that SAB:CD and SAC:DB are simultaneously
UPBs or not. One can similarly prove that SAB:CD and SAD:BC are simultaneously UPBs or not.
We have shown that SAB:CD, SAC:BD and SAD:BC are equivalent. So the assertion holds.


0 0 0 0
0 1 a a
0 a 1 a′
1 1 1 0
1 a 0 a
1 0 a a′
a 0 1 a
a 1 0 a′
a′ a′ a′ 1


→


0 0 1 a
0 1 a 0
0 a 0 1
1 1 0 a
1 a 1 0
1 0 a 1
a 0 0 0
a 1 1 1
a′ a′ a′ a′


→


0 1 a 0
0 a 0 1
0 0 1 a
1 0 a 1
1 1 0 a
1 a 1 0
a 0 0 0
a 1 1 1
a′ a′ a′ a′


→


0 0 1 a
0 1 a 0
0 a 0 1
1 1 0 a
1 a 1 0
1 0 a 1
a 0 0 0
a 1 1 1
a′ a′ a′ a′


. (12)
(ii) We put down the last matrix in (12) as the first matrix in (13). We name the matrices in (13) as U1, ..., U6,
respectively. We obtain U2 by switching columns 1, 2 and 3, 4 of U1. We obtain U3 by switching the rows of U2. We
obtain U4 by switching column 3 and 4 of U3. We obtain U5 by switching the symbols 0 and 1 in column 3 of U4.
Finally we obtain U6 by switching row 4, 5, 6 of U5.


0 0 1 a
0 1 a 0
0 a 0 1
1 1 0 a
1 a 1 0
1 0 a 1
a 0 0 0
a 1 1 1
a′ a′ a′ a′


→


1 a 0 0
a 0 0 1
0 1 0 a
0 a 1 1
1 0 1 a
a 1 1 0
0 0 a 0
1 1 a 1
a′ a′ a′ a′


→


0 0 a 0
0 1 0 a
0 a 1 1
1 0 1 a
1 a 0 0
1 1 a 1
a 0 0 1
a 1 1 0
a′ a′ a′ a′


→


0 0 0 a
0 1 a 0
0 a 1 1
1 0 a 1
1 a 0 0
1 1 1 a
a 0 1 0
a 1 0 1
a′ a′ a′ a′


→


0 0 1 a
0 1 a 0
0 a 0 1
1 0 a 1
1 a 1 0
1 1 0 a
a 0 0 0
a 1 1 1
a′ a′ a′ a′


→


0 0 1 a
0 1 a 0
0 a 0 1
1 1 0 a
1 a 1 0
1 0 a 1
a 0 0 0
a 1 1 1
a′ a′ a′ a′


. (13)
⊓⊔
Based on the above two lemmas, we present the main result of this section.
6Proposition 8 Suppose SA:B:C:D is the 11’th UPB of size 9 in [17, Table 1], and its UOM is the first matrix in (13).
Then
U92,2,4 = {SA:B:CD,SA:C:BD,SA:D:BC ,SB:C:AD,SB:D:AC ,SC:D:AB}, (14)
U94,4 = {SAB:CD,SAC:BD,SAD:BC}. (15)
Proof. We claim that U94,4 ⊇ {SAB:CD,SAC:BD,SAD:BC}. Recall that there are exactly 11 UPBs of size 9 by [17,
Table 1]. So Lemma 6 implies that (15) holds. Then (14) holds by (18) and Lemma 6.
In the following we prove the claim. Let TA:B:C:D={|f1, g1, h1, i1〉, |f2, g2, h2, i2〉,...,|f9, g9, h9, i9〉} be the 11’th UPB
of size 9. From U1, one can show that any six product vectors in the set {|f1, g1〉, |f2, g2〉, ..., |f9, g9〉} span a space C4,
and any six product vectors in the set {|h1, i1〉, |h2, i2〉, ..., |h9, i9〉} span a space C4.
Suppose TAB:CD is not a UPB. Then there is a vector |α, β〉 ∈ HAB ⊗ HCD orthogonal to TAB:CD. Up to the
permutation of subscripts, we can assume that |α〉 is orthogonal to {|f1, g1〉, |f2, g2〉, ..., |fm, gm〉}, and |β〉 is orthogonal
to {|hm+1, im+1〉, |hm+2, im+2〉, ..., |h9, i9〉}. The fact in the last paragraph shows that m = 4 or 5. Using Lemma 7,
we only need to prove the assertion for m = 5.
We write |f1, g1〉, |f2, g2〉, ..., |f9, g9〉 as the 4-dimensional vector u1,u2,...,u9. One can verify that u1, u2, u3 span a
space C2, so do u4, u5, u6. Let {Ti}
(95)
i=1 be the collections of any five vectors among u1, u2,...,u9. In order to judge
linear dependence of the vectors in Ti, we divide all Ti for i = 1, ...,
(
9
5
)
into three classes {Ti}∧1 , {Ti}∧2 , {Ti}∧3 . If
Ti includes u1, u2, u3 (or u4, u5, u6) and at most two of u4, u5, u6 (or u1, u2, u3), then Ti ∈ {Ti}∧1 . If Ti includes
two of u1, u2, u3 (or u4, u5, u6) and at most two of u4, u5 u6 (or u1, u2, u3), then Ti ∈ {Ti}∧2 . If Ti includes one of
u1, u2, u3 (or u4, u5, u6) and one of u4, u5 u6 (or u1, u2, u3), then Ti ∈ {Ti}∧3 .
For Ti ∈ {Ti}∧1 , there are three cases, the three vectors u1, u2, u3 (or u4, u5, u6) and two of u7, u8, u9, the three
u1, u2, u3 (or u4, u5, u6) and two of u4, u5, u6 (or u1, u2, u3), the three u1, u2, u3 (or u4, u5, u6) and one of u4, u5,
u6 (or u1, u2, u3) and one of u7, u8, u9. One can verify that Ti in the first two cases span a space C
4. In the last
case, the four sets Ti = {u1, u2, u3, u4, u8}, Tj = {u1, u2, u3, u6, u7}, Tk = {u1, u4, u5, u6, u7}, Tl = {u2, u4, u5, u6, u8}
all span a space C3 and others span a space C4.
For Ti ∈ {Ti}∧2 , there are three cases, two of u1, u2, u3 (or u4, u5, u6) and three of u7, u8, u9, two of u1, u2, u3
(or u4, u5, u6) and one of u4, u5, u6 (or u1, u2, u3) and two of u7, u8, u9, two of u1, u2, u3 (or u4, u5, u6) and two
of u4, u5, u6 (or u1, u2, u3) and one of u7, u8, u9. One can verify that Ti span a space C
4.
For Ti ∈ {Ti}∧3 , there are only a case, one of u1, u2, u3 (or u4, u5, u6) and one of u4, u5, u6 (or u1, u2, u3) and
the three u7, u8, u9. Evidently, Ti span a space C
4.
So we need to investigate Ti, Tj, Tk, Tl. We express them as the submatrices of corresponding UOMs


0 0
0 1
0 a
1 1
a 1

 ,


0 0
0 1
0 a
1 0
a 0

 ,


0 0
1 1
1 a
1 0
a 0

 ,


0 1
1 1
1 a
1 0
a 1

 . (16)
Their cofactors are respectively


0 a
a a′
1 a
a′ 1

 ,


1 0
0 a
0 a′
a′ 1

 ,


a a
1 a′
0 a′
a′ 1

 ,


0 0
1 a′
1 a
a′ 1

 . (17)
By observing each of the four cases, we can obtain that there is no product vector in HAB : HCD orthogonal to
U94,4. ⊓⊔
V. THE CONSTRUCTION AND ENTANGLEMENT OF 4-QUBIT POSITIVE-PARTAL-TRANSPOSE
ENTANGLED STATES
In this section we present two main results as the application of the previous section. First we construct the 4-qubit
PPT entangled state ρ of rank seven in (26). Second we investigate the geometric measure of entanglement of a
special ρ in Theorem 9. As far as we know, such a state have been little studied due to the mathematical difficulty.
Using (26), we shall show that the state ρ is also a 2 × 2 × 4 and 4 × 4 positive-partial-transpose (PPT) entangled
state of rank seven in terms the partition of systems A : B : CD and AB : CD. The state is constructed from the
UPBs by UOMs in (13) in the last section.
7Recall that the vectors in different columns of the first matrix in (13) are different, though we name all of them
as a, a′ for convenience. To distinguish them in the UPBs, we rename them as |a〉, |a′〉, |b〉, |b′〉, |c〉, |c′〉 and |d〉, |d′〉,
respectively. Their general expressions are in this form cosα|0〉+eiθ sinα|1〉. However we can simplify it by performing
a diagonal unitary matrix diag(1, e−iθ) on the above qubits. Then cosα|0〉+ eiθ sinα|1〉 becomes cosα|0〉+ sinα|1〉.
We still name them as |a〉, |a′〉, |b〉, |b′〉, |c〉, |c′〉 and |d〉, |d′〉, respectively. They are all orthonormal basis in C2 with
the following expressions.
|a〉 = cosα|0〉+ sinα|1〉, |a′〉 = sinα|0〉 − cosα|1〉,
|b〉 = cosβ|0〉+ sinβ|1〉, |b′〉 = sinβ|0〉 − cosβ|1〉,
|c〉 = cos γ|0〉+ sin γ|1〉, |c′〉 = sin γ|0〉 − cos γ|1〉,
|d〉 = cos δ|0〉+ sin δ|1〉, |d′〉 = sin δ|0〉 − cos δ|1〉, (18)
and α, β, γ, δ ∈ (0, pi/2). Hence the UOM becomes


0 0 1 a
0 1 a 0
0 a 0 1
1 1 0 a
1 a 1 0
1 0 a 1
a 0 0 0
a 1 1 1
a′ a′ a′ a′


→


0 0 1 d
0 1 c 0
0 b 0 1
1 1 0 d
1 b 1 0
1 0 c 1
a 0 0 0
a 1 1 1
a′ b′ c′ d′


. (19)
Let
x1 = sinβ sin γ sin δ x5 = cosβ cos γ cos δ, (20)
x2 = cosα cos γ sin δ, x6 = sinα sin γ cos δ, (21)
x3 = cosα sinβ cos δ, x7 = sinα cosβ sin δ, (22)
x4 = cosα cosβ sin γ, x8 = sinα sinβ cos γ, (23)
and
[uij ] :=


x1 x2 x3 x4 −x5 −x6 −x7 −x8
x2 −x1 −x4 x3 x6 −x5 −x8 x7
x3 x4 −x1 −x2 x7 x8 −x5 −x6
x4 −x3 x2 −x1 x8 −x7 x6 −x5
−x5 −x6 −x7 −x8 −x1 −x2 −x3 −x4
−x6 x5 −x8 x7 x2 −x1 x4 −x3
x7 −x8 −x5 x6 −x3 x4 x1 −x2
x8 x7 −x6 −x5 −x4 −x3 x2 x1


. (24)
One can verify that [uij ] is an 8× 8 real unitary matrix. By using the map HA ⊗HB → C4 and HC ⊗HD → C4, we
set |j, k〉 := |2j + k〉 for j, k = 0, 1. So we can define the following 4-qubit pure states as bipartite states in C4 ⊗ C4,
for i = 1, 2, ..., 8.
|ψi〉 := ui1|a
′, 0, 0, 0〉+ ui5|a′, 1, 1, 1〉+ ui2|1, b′, 1, 0〉+ ui6|0, b′, 0, 1〉
+ui3|1, 0, c
′, 1〉+ ui7|0, 1, c′, 0〉+ ui4|1, 1, 0, d′〉+ ui8|0, 0, 1, d′〉
= ui1 sinα|00〉+ ui6 sinβ|01〉+ ui8 sin δ|02〉 − ui8 cos δ|03〉
+ui7 sin γ|10〉 − ui6 cosβ|11〉 − ui7 cos γ|12〉+ ui5 sinα|13〉
−ui1 cosα|20〉+ ui3 sin γ|21〉+ ui2 sinβ|22〉 − ui3 cos γ|23〉
+ui4 sin δ|30〉 − ui4 cos δ|31〉 − ui2 cosβ|32〉 − ui5 cosα|33〉. (25)
8One can verify that |ψ1〉 = |a′, b′, c′, d′〉. We construct the 4-qubit PPT entangled state ρ of rank seven as follows.
ρ :=
1
7
(I16 − |0, 0, 1, d〉〈0, 0, 1, d| − |0, 1, c, 0〉〈0, 1, c, 0| − |0, b, 0, 1〉〈0, b, 0, 1|
− |1, 1, 0, d〉〈1, 1, 0, d| − |1, b, 1, 0〉〈1, b, 1, 0| − |1, 0, c, 1〉〈1, 0, c, 1|
− |a, 0, 0, 0〉〈a, 0, 0, 0| − |a, 1, 1, 1〉〈a, 1, 1, 1| − |a′, b′, c′, d′〉〈a′, b′, c′, d′|)
=
1
7
(|a′, 0, 0, 0〉〈a′, 0, 0, 0|+ |1, b′, 1, 0〉〈1, b′, 1, 0|+ |1, 0, c′, 1〉〈1, 0, c′, 1|+ |1, 1, 0, d′〉〈1, 1, 0, d′|
+ |a′, 1, 1, 1〉〈a′, 1, 1, 1|+ |0, b′, 0, 1〉〈0, b′, 0, 1|+ |0, 1, c′, 0〉〈0, 1, c′, 0|+ |0, 0, 1, d′〉〈0, 0, 1, d′|
− |a′, b′, c′, d′〉〈a′, b′, c′, d′|)
=
1
7
8∑
i=2
|ψi〉〈ψi|. (26)
It follows from Lemma 7 that ρAB and ρCD both have rank four. Using Proposition 8, ρA:B:CD and ρAB:CD are
respectively a 2× 2× 4 and 4× 4 PPT entangled state of rank seven. This is the first main result of this section.
In the remaining of this section, we investigate the geometric measure of entanglement of ρ in (26) [23, 24]. For an
n-partite quantum state σ, the measure is defined as
G(σ) := − log2 max
a1,...,an
〈a1, ..., an|σ|a1, ..., an〉, (27)
where |a1, ..., an〉 is a normalized product state in (C2)⊗n. To evaluate G(ρ), we assume that
|aj〉 =
[
cos νj
eiµj sin νj
]
, (28)
where the variables µj ∈ [0, 2pi] and νj ∈ [0, pi/2] for j = 1, 2, 3, 4. Using (18) we have the constant α, β, γ, δ ∈ (0, pi/2)
and
G(ρ) = − log2 max
µ1,ν1,...,µ4,ν4
g(µ1, µ2, µ3, µ4, ν1, ν2, ν3, ν4) (29)
where
g(µ1, µ2, µ3, µ4, ν1, ν2, ν3, ν4)
= 〈a1, a2, a3, a4|ρ|a1, a2, a3, a4〉
=
1
7
(
(sin2 α cos2 ν1 + cos
2 α sin2 ν1 − 2 cosµ1 sinα cos ν1 cosα sin ν1)(cos
2 ν2 cos
2 ν3 cos
2 ν4 + sin
2 ν2 sin
2 ν3 sin
2 ν4)
+ (sin2 β cos2 ν2 + cos
2 β sin2 ν2 − 2 cosµ2 sinβ cos ν2 cosβ sin ν2)(sin
2 ν1 sin
2 ν3 cos
2 ν4 + cos
2 ν1 cos
2 ν3 sin
2 ν4)
+ (sin2 γ cos2 ν3 + cos
2 γ sin2 ν3 − 2 cosµ3 sin γ cos ν3 cos γ sin ν3)(sin
2 ν1 cos
2 ν2 sin
2 ν4 + cos
2 ν1 sin
2 ν2 cos
2 ν4)
+ (sin2 δ cos2 ν4 + cos
2 δ sin2 ν4 − 2 cosµ4 sin δ cos ν4 cos δ sin ν4)(sin
2 ν1 sin
2 ν2 cos
2 ν3 + cos
2 ν1 cos
2 ν2 sin
2 ν3)
− (sin2 α cos2 ν1 + cos
2 α sin2 ν1 − 2 cosµ1 sinα cos ν1 cosα sin ν1)
(sin2 β cos2 ν2 + cos
2 β sin2 ν2 − 2 cosµ2 sinβ cos ν2 cosβ sin ν2)
(sin2 γ cos2 ν3 + cos
2 γ sin2 ν3 − 2 cosµ3 sin γ cos ν3 cos γ sin ν3)
(sin2 δ cos2 ν4 + cos
2 δ sin2 ν4 − 2 cosµ4 sin δ cos ν4 cos δ sin ν4)
)
. (30)
Since g(µ1, µ2, µ3, µ4, ν1, ν2, ν3, ν4) is a linear function with cosµj , its maximum is achieved when cosµj = 1 or −1
for j = 1, 2, 3, 4. In this case we have cosµi sin νj = sin(νj cosµi). Recall that νj ∈ [0,
pi
2 ]. Letting νj cosµi = λj we
can assume that λj ∈ [−
pi
2 ,
pi
2 ] for computing G(ρ).
To demonstrate out method, we consider a special ρ in (26) by choosing the constant α = β = γ = δ = pi4 . Using
the above conditions we can obtain
g(µ1, µ2, µ3, µ4, ν1, ν2, ν3, ν4) := h(λ1, λ2, λ3, λ4) =
1
7
(f1g1 + f2g2 + f3g3 + f4g4 − f1f2f3f4), (31)
9and the eight functions
f1 = f(λ1) :=
1
2
−
1
2
sin 2λ1,
f2 = f(λ2) :=
1
2
−
1
2
sin 2λ2,
f3 = f(λ3) :=
1
2
−
1
2
sin 2λ3,
f4 = f(λ4) :=
1
2
−
1
2
sin 2λ4,
g1 = g1(λ2, λ3, λ4) := cos
2 λ2 cos
2 λ3 cos
2 λ4 + sin
2 λ2 sin
2 λ3 sin
2 λ4,
g2 = g2(λ1, λ3, λ4) := sin
2 λ1 sin
2 λ3 cos
2 λ4 + cos
2 λ1 cos
2 λ3 sin
2 λ4,
g3 = g3(λ1, λ2, λ4) := sin
2 λ1 sin
2 λ4 cos
2 λ2 + cos
2 λ1 cos
2 λ4 sin
2 λ2,
g4 = g4(λ1, λ2, λ3) := sin
2 λ1 sin
2 λ2 cos
2 λ3 + cos
2 λ1 cos
2 λ2 sin
2 λ3. (32)
By checking the necessary conditions
∂h(λ1, λ2, λ3, λ4)
∂λ2
=
∂h(λ1, λ2, λ3, λ4)
∂λ3
=
∂h(λ1, λ2, λ3, λ4)
∂λ4
= 0, (33)
we obtain that λ2 = λ3 = λ4. Since h(λ1, λ2, λ2, λ2) is a linear function with sin 2λ1, its maximum is achieved when
sin 2λ1 = −1 or 1. When sin 2λ1 = 1, the extremum of h(λ1, λ2, λ2, λ2) is 0 and
1
126 . When sin 2λ1 = −1, the
extremum of h(λ1, λ2, λ2, λ2) is
3
28
√
3
2 . One can derive that the maximum of h(λ1, λ2, λ3, λ4) is
3
28
√
3
2 ≈ 0.131, when
λ1 = −
pi
4 and λ2 =
1
2 arcsin
√
6−2
2 . It follows from (29) and (31) that
Theorem 9 For the 4-qubit PPT entangled state ρ in (26) with α = β = γ = δ = pi4 , its geometric measure of
entanglement is G(ρ) = − log2
3
28
√
3
2 ≈ 2.93 ebits.
This is the second main result of this section. We have shown below (26) that both ρA:B:CD and ρAB:CD are PPT
entangled states. Using the definition of UPBs we have
G(ρ) ≥ G(ρA:B:CD) ≥ G(ρAB:CD). (34)
So Theorem 9 gives an upper bound of the geometric measure of entanglement of both ρA:B:CD and ρAB:CD. By
varying the constants α, β, γ, δ in (18), one can similarly investigate the entanglement of more states ρ in (26).
VI. CONCLUSIONS
We have applied the classification of 4-qubit UPBs to construct more UPBs. We have shown that there is only one
UPB of size 6 in C2 ⊗ C2 ⊗ C4, no UPB of size 7, six UPBs of size 9 in C2 ⊗ C2 ⊗ C4 and three UPBs of size 9 in
C4 ⊗C4. As an application of our results on UPBs of size 9, we have constructed a family of PPT entangled states ρ
of rank seven for the systems of C2 ⊗ C2 ⊗ C2 ⊗ C2, C2 ⊗ C2 ⊗ C4 and C4 ⊗ C4 at the same time. Furthermore we
have worked out the entanglement of a constant 4-qubit ρ using the geometric measure of entanglement.
Our results have provided better understanding of UPBs in C4⊗C4 and C2⊗C2⊗C4. The next step is to investigate
the set U82,2,4. It includes as a subset the set U
8
4,4 we have found in this paper. Primary investigation shows that the
inclusion is strict, namely there exist UPBs in the coarse graining C2 ⊗ C2 ⊗ C4, though they are not UPBs in the
coarse graining C2 ⊗ C4.
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